Abstract. The relations among various types of continuity of fuzzy proper function on a fuzzy set and at fuzzy point belonging to the fuzzy set in the context ofŠostak's I-fuzzy topological spaces are discussed. The projection maps are defined as fuzzy proper functions and their properties are proved.
Introduction
From the work of Chang [3] , the research on fuzzy topology has been started and hundreds of papers on various concepts like neighborhood structures [15, 16, 23] , product topology [16, 25] , separation axioms [14, 22, 23] , compactness [10, 12, 13] , connectedness [4, 15] , continuity of functions [16, 24] , etc., have been published.Šostak introduced I fuzzy topology in a new way. This topology is later redefined by various researchers, and is called smooth fuzzy topology [18] . We prefer to call this topology byŠostak's I-fuzzy topology. In the context ofŠostak's I -fuzzy topological spaces, neighborhood structures [5] , base and subbase [17] , product topology [21] , compactness [1, 6, 7, 8] , separation axioms [21] , gradation preserving functions [11] are also studied.
Regarding functions in fuzzy setting, the fuzzy proper function and its continuity on Chang topological spaces are first introduced by Chakraborty and Ahsanulla [2] . Chaudhuri and Das [4] proved the equivalent statements of continuity of fuzzy proper function in the context of Chang topology. Fath Allah and Mamoud [9] introduced the fuzzy graph, strongly fuzzy graph of a proper fuzzy proper function on Chang topological space. They proved the closed graph theorem under some sufficient conditions and also proved various results relating separation axioms, the continuity of fuzzy proper function and the closedness of its graph. The notions of smooth fuzzy continuity and weakly smooth fuzzy continuity of a fuzzy proper function onŠostak's I-fuzzy topological spaces and their properties were discussed in [18] . This paper is organized as follows. In Section 2, we recall some basic definitions and results from the literature and also prove some preliminary results required for our discussion.
The section 3 is devoted to discuss the various equivalent statements of smooth fuzzy continuity and weak smooth fuzzy continuity inŠostak's I-fuzzy topological spaces. As in the classical case of continuity of functions between two topological spaces, we prove that fuzzy continuity on a fuzzy set is equivalent to the fuzzy continuity at every fuzzy point of the fuzzy set. When we study the weak continuity of a fuzzy proper function at a fuzzy point, obviously, we have to consider two notions, one is defined in terms of fuzzy neighborhoods and the other in terms of quasi neighborhoods. We establish that weak fuzzy continuity on a fuzzy set implies weak fuzzy continuity at every fuzzy point in the fuzzy set, in both notions, and neither of the converse is true, which is in contrast with the classical case. To get the converse of one of these results, we introduce two new notions, namely, α-weakly smooth fuzzy continuous functions and positive minimumŠostak's I-fuzzy topological spaces.
The projection functions from a product of fuzzy sets into a fuzzy set are defined in Section 4, as fuzzy proper functions and prove that they are smooth fuzzy continuous, α-weakly smooth fuzzy continuous and weakly smooth fuzzy continuous. We also prove that every fuzzy proper function F : A → ∏ B j can be expressed as [F j ] for some suitable F j : A → B j and study the relationship between continuity of F and that of its coordinate functions F j .
Preliminaries
Throughout this paper X, Y denote fixed non-empty sets and A, B denote fuzzy subsets of X, Y respectively, I denotes the closed interval [0, 1] and I X denotes the set of all fuzzy subsets of X. Let X = {x 1 , x 2 , . . . , x n } and λ i ∈ I for i = 1, 2, . . . , n. By A [λ1,λ2,...,λn]
[x1,x2,...,xn] , we shall mean the fuzzy subset A of X which maps each x i to λ i ∀i = 1, 2, . . . , n. A fuzzy point [15] in X is defined
, where 0 < λ ≤ 1 and by adopting [14] , we say that ([18] ). AŠostak's I-fuzzy topology on a fuzzy set A ∈ I X is a map τ : I A → I, where I A = { U ∈ I X : U ≤ A } , satisfying the following three axioms:
(
The pair (A, τ ) is called aŠostak's I-fuzzy topological space or simply sfts.
Definition 2.2 ([2])
. A fuzzy subset F of X × Y is said to be a fuzzy proper function from A to B if
The following lemma is an immediate consequence of the above definition.
Next we present an easy formula for finding inverse image of a fuzzy set under a fuzzy proper function. 
Lemma 2.14. Let F : A → B and G : B → C be fuzzy proper functions, where
Hence we get the desired result. □
Fuzzy continuity on sfts
We first recall the definitions of smooth fuzzy continuous and weakly smooth fuzzy continuous functions from the literature. 
Definition 3.2 ([18]). Let
be a fuzzy proper function and (A, τ 1 ) and (B, τ 2 ) beŠostak's I-fuzzy topological spaces. Then F is said to be weakly smooth fuzzy continuous on
To discuss the point-wise continuity of a fuzzy proper function, in the context of sfts, we introduce smooth fuzzy continuity at a fuzzy point, weakly smooth fuzzy continuity at a fuzzy point and qn-weakly smooth fuzzy continuity at a fuzzy point as follow. 
be a fuzzy proper function and (A, τ 1 ) and (B, τ 2 ) beŠostak's I-fuzzy topological spaces. Then F is said to be qn-weakly smooth fuzzy continuous at a fuzzy point P
In the above definition, by q-neighborhood of a fuzzy point, we mean a fuzzy set which is quasi-coincident with the fuzzy point and whose gradation of openness is positive.
Theorem 3.6. A fuzzy proper function F is smooth fuzzy continuous on A if and only if F is smooth fuzzy continuous at every fuzzy point
Proof. Assume F is smooth fuzzy continuous on A.
Hence F is weakly smooth fuzzy continuous at every fuzzy point of A.
Conversely, assume that F is smooth fuzzy continuous at every fuzzy point Proof. Assume that F is weakly smooth fuzzy continuous on A. 
and
We first note that F is not weakly smooth fuzzy continuous on A, since τ 2
= 0. Next we prove that F is weakly smooth fuzzy continuous at every fuzzy point in A. Let P λ r ∈ A. Then 0 < λ < 0.8 and
In this case, if V ∈ I B , with τ 2 (V ) > 0 and
Now by using 0.7 − 1 n+2 ↑ 0.7 as n → ∞, we can choose a positive integer n such that λ < U n (r) < 0.7. For this n, we get
Here B is the only fuzzy set such that τ 2 (B) > 0 and F (P λ r ) ∈ B and hence A does the required job.
Consequently, F is weakly smooth fuzzy continuous at every P λ r ∈ A. Similarly, we can prove that F is weakly smooth fuzzy continuous at every P λ s ∈ A. The converse of Theorem 3.7 can be achieved under some sufficient conditions, for which we need to introduce the following definitions. Proof. Assume that F is α-weakly smooth fuzzy continuous on A.
As in the proof of Theorem 3.7, we get P
Hence F is α-weakly smooth fuzzy continuous at P λ x . Conversely, assume that F is α-weakly smooth fuzzy continuous at every
Then by using Lemma 2.6, we get Proof. Assume F is weakly smooth fuzzy continuous on A. Let V ≤ B be a q-neighborhood of F (P 
Hence F is qn-weakly smooth fuzzy continuous at every fuzzy point of A. □ Counter example 3.15. There exists a fuzzy proper function on A such that it is qn-weakly smooth fuzzy continuous at every fuzzy point of A but it is not weakly smooth fuzzy continuous on A. . We define τ 1 : I A → I by
and τ 2 : I B → I by
Define a fuzzy proper function . And for B, we choose A as before.
Hence F is qn-weakly smooth fuzzy continuous at every P λ r of A. Similarly, we can prove that F is qn-weakly smooth fuzzy continuous at every P 
Here F satisfies the statement (v) but F is not fuzzy continuous on A, since ,
We define smooth fuzzy topologies τ 1 on A and τ 2 on B by
It is clear that (A, τ 1 ), (B, τ 2 ) are twoŠostak's I-fuzzy topological spaces. Let the proper function F : (A, τ 1 ) → (B, τ 2 ) be defined by
, and
. Therefore F is weakly smooth fuzzy continuous on A. But F is not α-weakly smooth fuzzy continuous for α = 0.65. Because 
Theorem 3.21 ([18]). If F : A → B is smooth fuzzy continuous on A and G : B → C is smooth fuzzy continuous on B, then G • F : A → C is smooth fuzzy continuous on A.
Similarly, we can prove the following theorems. 
Projection maps on product of fuzzy sets
In this section, we define projection maps on product of fuzzy subsets as fuzzy proper functions. Throughout this section, we use ∏ to denote ∏ j∈J , where J is a fixed index set. Now we recall the product topology on product of fuzzy sets from [21] .
Definition 4.1 ([21]
). Let {(X j , τ j ) : j ∈ J} be family of sfts and P k :
and B S be the collection of all finite intersections of members of S . Define
Then τ S is defined as follows:
τ S is called the product of τ j 's and ( Proof. Let U k ≤ A k . From the previous lemma, and by using the definition of product topology τ on sfts, we have
Proof. Let x ∈ X be arbitrary. By definition, there exists unique [
To prove this lemma, we shall show that
Let k ∈ J be arbitrary. Then we have z k = y k and hence
If F is smooth fuzzy continuous on A, then F j is smooth fuzzy continuous for every j ∈ J on A.
Proof. Assume that F is smooth fuzzy continuous. By using Lemma 4.6, we have F j = P j • F for every j ∈ J. Since each P j is smooth fuzzy continuous and F is smooth fuzzy continuous, applying Theorem 3.21, we get F j = P j • F is smooth fuzzy continuous on A for every j ∈ J. □ Counter example 4.9. The converse of the above theorem is not true.
, and W n
otherwise,
and τ 2 : I B2 → I is defined by Proof. Assume that F is weakly smooth fuzzy continuous. By Lemma 4.6, we have F j = P j • F for every j ∈ J. Since each P j is weakly smooth fuzzy continuous and F is weakly smooth fuzzy continuous by using Theorem 3.22, we get that F j = P j • F is weakly smooth fuzzy continuous on A for every j ∈ J. □ Counter example 4.11. The converse of the above theorem is not true.
See the same function given in Counter example 4.9.
The converse holds when we use a positive minimumŠostak's I-fuzzy topology in the domain of F or when F is α-weakly smooth fuzzy continuous. Proof. Since one part of the proof is analogous to that of Theorem 4.10, we prove only that if F j is weakly smooth fuzzy continuous on A for every j ∈ J, then F is weakly smooth fuzzy continuous on A. Let B ∈ B S . Then B = ∏ U j , where U j = A j , ∀j ∈ J with j ̸ = j 1 , j 2 , . . . , j n and τ j (U j ) > 0, ∀j = j 1 , j 2 , . . . , j n , for some j 1 , j 2 , . . . , j n ∈ J. We claim that
(by using Remark 4.7)
= ( 
